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Abstract. In this paper, we use phase-space descriptions to find qualitative features of
solutions of generalized scalar field cosmologies with arbitrary potentials and arbitrary
couplings to matter. We prove new theorems and also retrieve previous results that can be seen
as corollaries of the present results. We present some examples that satisfy the hypotheses of
the Theorems proved, as well as some examples that violate one or more hypotheses of these
Theorems, thus obtaining some counterexamples. In particular, we discuss potentials with
small cosine-like corrections motivated by inflationary loop-quantum cosmology. Finally, we
use the Hubble–normalized formulation for the FRW metric and for the Bianchi I metric,
applied to a scalar field cosmology with a generalized harmonic potential, nonminimally
coupled to matter, and the stability of the solutions is discussed.
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1. Introduction
Scalar fields are used to describe the gravitational field in scalar theories of gravitation. Some
scalar field theories of special interest are the Scalar-tensor theories such as Jordan theory, [1]
as a generalization of the Kaluza-Klein theory, the Brans-Dicke theory [2], Horndeski theories
[4], inflationary models [3], extended quintessence, modified gravity, Horˇava-Lifschitz and
the Galileons, etc., [5, 6, 7, 8, 9, 10, 11, 12, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27,
28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52,
53, 54, 55, 56, 57, 58, 59, 60, 61].
There are several studies in literature that provide both global and local dynamical
systems analysis for scalar field cosmologies with arbitrary potentials and arbitrary couplings.
In [62], it was studied a very large and natural class of scalar field models having an
arbitrary non-negative potential function V (φ) with a flat Friedmann-Lemaître-Robertson-
Walker (FLRW) metric; yielding to a simple and regular past asymptotic structure which
corresponds to the exact integrable massless scalar field cosmologies with the exception of a
set that has zero measure. This model was generalized in [63] for flat and negatively curved
FLRW models by adding a perfect fluid matter source to the scalar field. In particular, for
a scalar field with potential with a local zero minimum, the universe ever expands and the
energy density asymptotically approaches zero. Additionally, the scalar field asymptotically
reaches the minimum of the potential. On the other hand, a closed FLRW model with ordinary
matter can avoid re-collapse due to the presence of a scalar field with a non-negative potential.
The model by [63] was extended by [64, 65] to a scalar field non-minimally coupled to
matter, (a scenario which incidentally contains a particular realization of the model in [66],
which arises in the conformal frame of F (R) theories non-minimally coupled to matter). It
was proved that, under generic hypothesis, the future attractor corresponds to the vacuum
de Sitter solution by considering a generic potential V (φ) and a generic coupling function
χ(φ). Also, it was proved that the scalar field diverges into the past extending results by
[62, 63]. So, in order to study the dynamics close to the initial singularity, the limit φ → ∞
was studied by imposing some regularity conditions on the potential and on the coupling
function. Interestingly, for a general class of models which admits scaling solutions, as
in [63], the asymptotic structure of solutions towards the past is simple and regular, and it
is independent of the features of the potential, the coupling function and the background
matter. The dynamics of a non-minimally coupled scalar field model in the case of a
(1 − ξφ2)R coupling with potentials V (φ) = V0(1 + φp)2 and V (φ) = V0eλφ2 , were
presented in [67]. Other non-minimally coupled scalar field models were studied in e.g.:
[68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78].
In reference [79], homogeneous FLRW cosmological models with a self-interacting
scalar field source were studied, not only for the flat geometry but also for negatively and
positively curved FLRW models. The analysis incorporates a wide class of interaction
potentials, and only requires a scalar field potential to be bounded from below and divergent
when the field diverges. Thus, incorporating positive potentials which exhibit asymptotically
polynomial or exponential behaviors. Potentials with a negative inferior bound lead
asymptotically to anti de Sitter (AdS) solutions for such cosmologies.
In reference [66], the evolution of a cosmological model with a perfect fluid matter
source with energy density ρm, and pressure pm, with an equation of state parameter
pm = (γ−1)ρm, and with a scalar field non-minimally coupled to matter with an exponential
coupling χ (in the sense of [64, 65]), was studied for flat and negatively curved FLRW
models. It was proved in [66] that there exists a very generic class of potentials having an
equilibrium point which corresponds to the non-negative local minimum for V (φ), which is
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asymptotically stable. The same happens for horizontal asymptotes that are approached from
above by V (φ). Furthermore, in this reference, all flat models were classified for which one of
the matter constituents will eventually dominate. Particularly, if the barotropic matter index γ
is larger than 1, generically, there is an energy transfer from the fluid to the scalar field which
eventually dominates over the background matter.
In references [80, 81, 82, 83], the original models by [62, 63] were gradually extended
to more general scenarios. In [83], it was studied the flat FLRW models in the conformal
(Einstein) frame of scalar-tensor gravity theories for arbitrary positive potentials and arbitrary
coupling functions, and incorporated radiation into the matter content to obtain a more
realistic scenario. In [80, 83], a procedure for the analysis in the limit φ → ∞ was
implemented by using a suitable change of variables. The method has been exemplified for:
(a) a double exponential potential V (φ) = V1eαφ + V2eβφ, α and β are constants that satisfy
0 < α < β, and a coupling function χ = χ0e
λφ
4−3γ , where λ is a constant (discussed in [84]);
(b) a general class of potentials containing the cases investigated in [85, 86, 87], being the so-
called Albrecht-Skordis potential V (φ) = e−µφ
(
A− (φ−B)2), and a power-law coupling
χ(φ) =
(
3α
8
) 1
α χ0 (φ− φ0)
2
α , with α > 0, constant, and φ0 ≥ 0, originally investigated in
[65] for a less general model. In [84], a flat FLRW model with a perfect fluid source and a
scalar field with double exponential potential which is non-minimally coupled to matter was
studied. The coupling is derived from the formulation of the F (R)- gravity as an equivalent
scalar-tensor theory. Conditions were provided for which ρm → 0, φ˙ → 0 and φ → +∞ as
t → ∞ (see Proposition 1 of [84]), and conditions under which H and φ blow-up in a finite
time (see Proposition 2 of [84]). In the reference [88] was studied the late time evolution
of a negatively curved FLRW model, with a perfect fluid matter source with energy density
ρm and pressure pm and equation of state parameter pm = (γ − 1)ρm, and the scalar field
non-minimally coupled to matter. Under mild assumptions on the potential, it was found that
non-negative local minima of V are asymptotically stable. For non-degenerated minima with
zero critical value, it was proved that for γ > 2/3, there is a transfer of energy from the fluid
and the scalar field to the energy density of the scalar curvature, in contrast to the previously
bound γ > 1 for a flat FLRW model. Thus, if there is a scalar curvature, it has a dominant
effect on the late evolution of the universe and will eventually dominate both the perfect fluid
and the scalar field. The analysis was complemented with the case where V is an exponential
potential, and therefore the scalar field diverges to infinity.
In [89] was presented a generalized Brans-Dicke Lagrangian including a non-minimally
coupled Gauss-Bonnet term without imposing the vanishing torsion condition. The
cosmological consequences of these models were studied in [51]. The existence of
exact solutions and integrable dynamical systems in Chiral cosmology (wherein non-linear
expressions of the kinetic term of the scalar fields exist) were further studied. Some
exact analytic solutions for a system of N-scalar fields were presented. Furthermore, some
studies of cosmological effects of scalar fields and their effects in multiple-field inflation are:
[90, 91, 92, 93, 94, 95, 96].
In the Einstein-Klein Gordon system for scalar field cosmologies, the Raychaudhuri
equation always decouples for a scalar field with exponential potential V (φ) = V0e−λφ. This
is due to the fact it has the symmetry such that its derivative is also an exponential function.
The asymptotics of the remaining reduced system is then typically given by equilibrium points
and often can be determined by a dynamical system analysis [12, 13, 14]. For other potentials
that do not satisfy the above symmetry, like the harmonic potential V (φ) = µ2φ2, the Hubble
normalized equations are augmented by the Raychaudhuri equation [97]. Furthermore, a local
stability analysis is also difficult to apply due to the oscillations which are entering the system
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via Klein–Gordon equation [98]. Complementary formulations based on global variables are
implemented in the companion paper [99].
This paper is organized as follows: in Section 2 we investigate a scalar field which has
an arbitrary self-interacting potential, and is non-minimally coupled to matter through an
arbitrary coupling function in which we analyze the corresponding cosmology. In Section 2.1,
we discuss our main results, including the new Theorems 2.1, 2.2, 2.3, 2.4, and Corollaries
2.2.1, and 2.3.1 which are collectively referred as Leon & Franz-Silva 2019. Some well-
known results like Corollaries 2.1.2, 2.1.3, 2.2.2, 2.2.3, 2.3.2 and 2.3.3 are recovered. Sections
2.2 and 2.3 are devoted to a dynamical system formulation for a scalar-field cosmology
with generalized harmonic potentials V1(φ) = µ3
[
φ2
µ + bf cos
(
δ + φf
)]
, b 6= 0 and
V2(φ) = µ
3
[
bf
(
cos(δ)− cos
(
δ + φf
))
+ φ
2
µ
]
, b 6= 0 in a vacuum respectively. These
potentials incorporate cosine-like corrections with small phase motivated by inflationary loop-
quantum cosmology [100]. We provide a qualitative analysis for a scalar-field cosmology
with potentials V1(φ) and V2(φ) previously defined, using dynamical systems tools. These
potentials provide some examples and counterexamples of the theorems proved. In Section
2.4 we use the Hubble-normalized formulation for the FLRW metric and for the Bianchi
I metric for a scalar field cosmology with generalized harmonic potential V (φ) = φ
2
2 +
f
[
1− cos
(
φ
f
)]
, f > 0, nonminimally coupled to matter with coupling function χ =
χ0e
λφ
4−3γ , where λ is a constant and 0 ≤ γ ≤ 2, γ 6= 43 . In Section 3 we summarize
our main results and present our conclusions in Section 4.
2. Theorems on Asymptotic Behavior
The action for a general class of Scalar Tensor Theory of Gravity is written in the so-called
Einstein frame (EF) as [101, 102]:
Sφ =
∫
d4x
√
|g|
{
1
2
R− 1
2
gµν∇µφ∇νφ− V (φ)− Λ + χ(φ)−2L(µ,∇µ, χ(φ)−1gαβ)
}
.
(1)
We use a system of units in which 8piG = c = ~ = 1. In this equation R is the curvature
scalar, φ is the scalar field, ∇α is the covariant derivative, V (φ) is the quintessence self-
interaction potential, Λ is the Cosmological Constant, χ(φ)−2 is the coupling function, L is
the matter Lagrangian, and µ is the collective name for the matter degrees of freedom.
Additionally, it can be proved that the action in the metric formalism defined by
[103, 104]
Smetric =
∫
dx4
√−g
[
1
2
F (R)
√−g + L(µ,∇µ, gαβ)
]
(2)
(where F (R) is a function of the Ricci scalar R, and L accounts for the matter content of
the universe) can be written in the form (1), under the conformal transformation g˜µν =
F ′ (R) gµν . That is, the field equations reduce to the Einstein field equations with a scalar
field φ as an additional matter source, where
φ =
√
3
2
lnF ′ (R) . (3)
Assuming that (3) can be solved for R to obtain a function R (φ) , the potential of the scalar
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field is given by
V (φ) =
1
2 (F ′ (R (φ)))2
(R (φ)F ′ (R (φ))− F (R (φ))) . (4)
The restrictions on the potential in the papers [105, 106, 107, 108] were used in [109] to
impose conditions on the function F (R). Finally, under conformal transformations we obtain
the action [110],
S˜ =
∫
d4x
√
−g˜
{
1
2
R˜− (∇φ)2 − V (φ) + e−2
√
2/3φL
(
µ,∇µ, e−
√
2/3φg˜
)}
. (5)
It is easy to note that the model arising from the action (2) can be obtained from (1) with the
choice χ(φ) = e
√
2/3φ,Λ = 0.
For the action (1), the matter energy-momentum tensor is defined by:
Tαβ = − 2√|g| δδgαβ
{√
|g|χ−2L(µ,∇µ, χ−1gαβ)
}
. (6)
We define the “energy exchange” vector as:
Qβ ≡ ∇αTαβ = −1
2
T
1
χ(φ)
dχ(φ)
dφ
∇βφ, T = Tαα , (7)
where T is the trace of the energy-momentum tensor. Additionally, we incorporate the
geometric properties of the metric in the form of the function:
G0(a) =
{
−3 ka2 , k = 0,±1, FLRW
σ20
a6 , Bianchi I
, (8)
and we obtain the equations of motion for a scalar field cosmology with the scalar field non-
minimally coupled to matter, given by:
H˙ = −1
2
(
γρm + y
2
)
+
1
6
aG′0(a), (9a)
˙ρm = −3γHρm − 1
2
(4− 3γ)ρmy d lnχ(φ)
dφ
, (9b)
a˙ = aH, (9c)
y˙ = −3Hy − dV (φ)
dφ
+
1
2
(4− 3γ)ρm d lnχ(φ)
dφ
, (9d)
φ˙ = y, (9e)
3H2 = ρm +
1
2
φ˙2 + V (φ) + Λ +G0(a), (9f)
where we assume Λ ≥ 0, and γ ∈ [1, 2]. Equation (9f) allows us to define the phase space{
(H, ρm, a, y, φ) ∈ R5 : 3H2 = ρm + 1
2
y2 + V (φ) + Λ +G0(a)
}
. (10)
Generalized scalar field cosmologies: Theorems on asymptotic behavior 6
2.1. Main theorems
Firstly, we study the cases G0(a) = −3 ka2 , k = 0,−1, and G0(a) = σ
2
0
a6 , which are special
cases of G0(a) = K
2
ap ≥ 0, with K = 0 for the flat FLRW metric, K2 = 1, p = 2 for
the negatively curved FLRW metric, or K2 = σ20 , p = 6 for the Bianchi I metric. The
FLRW model with positive curvature, k = +1, will be discussed in Section 2.1.1. We
define Ω =
{
(H, ρm, a, y, φ) ∈ R5 : 3H2 = ρm + 12y2 + V (φ) + Λ + K
2
ap
}
, and assume
V (φ) ≥ 0 is a function of class C2(R). We assume that V (φ) has a local minimum at
φ = 0 and V (0) = 0. In this case (0, 0, a∗, 0, 0), a∗ → +∞ is an equilibrium configuration
for the flow of (9). The set {(H, ρm, a, y, φ) ∈ Ω : H = 0} is invariant for the flow of (9) and
H does not change the sign. However, on the contrary, if there is an orbit with H(0) > 0 and
H(t1) < 0 for some t1 > 0, this solution will pass through the origin violating the existence
and uniqueness of the solutions of a C1 flow.
Theorem 2.1 (Leon & Franz-Silva, 2019) Assuming
(i) V (φ) ∈ C2(R), V (φ) ≥ 0, and V (φ) = 0 if and only if φ = 0.
(ii) V ′(φ) is bounded on A ⊂ R if V (φ) is bounded on A.
(iii) Λ ≥ 0, and G0(a) ≥ 0 have a negative power-law functional form G0(a) = K2ap , p > 0.
(iv) χ(φ) ∈ C2(R), and for all A ⊂ R there is a non-negative constant K1, possibly
depending on A, such as
∣∣∣χ′(φ)χ(φ) ∣∣∣ ≤ K1 for all φ ∈ A.
Then, limt→∞
(
ρm, y,
K2
ap
)
= (0, 0, 0).
Proof. We let the positive orbit O+(x0) passes at the time t0 through the regular point
x0 ∈ {(H, ρm, a, y, φ) ∈ Ω : H > 0}. Since H is positive and decreases along O+(x0),
there exists limt→∞H(t) and it is a non-negative number η. Furthermore, H(t) ≤ H(t0) for
all t > t0. Then, ρm(t)+ 12y(t)
2 +V (φ(t))+Λ+ K
2
a(t)p = 3H
2 ≤ 3H(t0)2, for all t > t0. All
above terms are non-negative, so it follows that ρm, 12y(t)
2,Λ, K
2
a(t)p are bounded by 3H(t0)
2
for all t > t0. We define the set A = {φ ∈ R : V (φ) ≤ 3H(t0)2}. Then, the orbit O+(x0) is
such that φ remains at the interior ofA for all t > t0. GivenG0(a) = K
2
ap , p > 0, the equation
(9a) can be written as
H˙ = −1
2
(
γρm + y
2
)− K2p
6ap
. (11)
Then, by integration, we have :
H(t0)−H(t) =
∫ t
t0
(
1
6
K2pa(s)−p +
1
2
γρ(s) +
1
2
y(s)2
)
ds.
Taking the limit as t→ +∞ we obtain
H(t0)− η = H(t0)− lim
t→∞H(t) =
∫ ∞
t0
(
1
6
K2pa(s)−p +
1
2
γρm(s) +
1
2
y(s)2
)
ds.
From this equation we find the convergent improper integral∫ ∞
t0
(
1
6
K2pa(s)−p +
1
2
γρm(s) +
1
2
y(s)2
)
ds <∞.
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Defining f(t) =
(
1
6K
2pa(t)−p + 12γρm(t) +
1
2y(t)
2
)
, we have
d
dtf(t) = −yV ′(φ) +H
(− 16K2p2a−p − 32 (γ2ρm + 2y2))+ (γ−2)(3γ−4)ρmyχ′(φ)4χ(φ) .
Hence,
∣∣ d
dtf(t)
∣∣ ≤ y|V ′(φ)|+ 16p2H ∣∣K2a−p∣∣+ 32γ2ρmH+3y2H+∣∣∣ (γ−2)(3γ−4)4 ∣∣∣ ρmy ∣∣∣χ′(φ)χ(φ) ∣∣∣ ≤√
6H(t0) |V ′(φ(t))| + 12H(t0)3(9γ2 + p2 + 36) + 3
√
6
4 H(t0)
3K1|(γ − 2)(3γ − 4)|, for all
t > t0 along the positive orbit O+(x0). For deducing the above, we have used the results
of ρm, 12y(t)
2, and K
2
a(t)p which are bounded by 3H(t0)
2 for all t > t0, and the hypothesis
for χ. Finally, due to V (φ) which is bounded on A, V ′(φ), it will be bounded on A as well,
leading to
∣∣ d
dtf(t)
∣∣ <∞ along the positive orbit O+(x0). The f(t) is non-negative, as it has
a bounded derivative along the orbit O+(x0), and
∫∞
t0
f(s) ds is convergent. Hence, we have
limt→∞ f(t) = 0, from which, along with the non-negativeness of each term of f(t), we have
limt→∞
(
ρm, y,
K2
ap
)
= (0, 0, 0). 
Now, we will show how our result generalizes previous theorems.
(A) Setting χ(φ) ≡ 1 (minimal coupling) in Theorem 2.1 it follows:
Corollary 2.1.1 (Leon & Franz-Silva, 2019) Letting us assume that hypotheses i); ii)
and iii) of Theorem 2.1 are satisfied, and χ(φ) ≡ 1. Then limt→∞
(
ρm, y,
K2
ap
)
=
(0, 0, 0).
(B) Setting χ(φ) ≡ 1, Λ = 0, and G0(a) ≡ 0 in Theorem 2.1 it follows:
Corollary 2.1.2 (Miritzis 2003. Proposition 2 of [63]) Assuming that hypotheses i)
and ii) of Theorem 2.1 are satisfied, and χ(φ) ≡ 1, Λ = 0, G0(a) ≡ 0, then
lim
t→∞(ρm, y) = (0, 0).
Corollary 2.1.2 is a particular case of Corollary 2.1.1 for a flat FLRW universe.
(C) Setting χ(φ) ≡ 1 (minimal coupling), Λ = 0, and G0(a) ≡ 0 (flat FLRW universe),
ρm = 0 (vacuum) in Theorem 2.1 it follows:
Corollary 2.1.3 (Corollary of Proposition 2 of [63]) Assuming that hypotheses i) and
ii) of Theorem 2.1 are satisfied, and χ(φ) ≡ 1, Λ = 0, G0(a) ≡ 0, ρm = 0, then
lim
t→∞ y = 0.
Theorem 2.2 (Leon & Franz-Silva, 2019) Under the hypotheses
(i) V (φ) ∈ C2(R), V (φ) ≥ 0, and V (φ) = 0 if and only if φ = 0.
(ii) V ′(φ) is bounded on A ⊂ R if V (φ) is bounded on A.
(iii) Λ ≥ 0, and G0(a) ≥ 0 have a negative power-law functional form G0(a) = K2ap , p > 0.
(iv) χ(φ) ∈ C2(R), and for all A ⊂ R there is a non-negative constant K1, possibly
depending on A, such as
∣∣∣χ′(φ)χ(φ) ∣∣∣ ≤ K1 for all φ ∈ A.
(v) V ′(φ) < 0 for φ < 0 and V ′(φ) > 0 for φ > 0,
we have limt→∞ φ ∈ {−∞, 0,+∞}.
Proof. As before, we consider the positive orbit O+(x0) passing at the time t0 through the
regular point x0 ∈ {(H, ρm, a, y, φ) ∈ Ω : H > 0}. Using the same argument in the proof of
Theorem 2.1, ∃ limt→∞H(t) = η along the orbit O+(x0). Under the hypothesis (i), (ii), (iii)
and (iv) (see Theorem 2.1), it follows limt→∞
(
ρm, y,
K2
ap
)
= (0, 0, 0).
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Supposing that 3η2 = Λ, then by the restriction (10) and using Theorem 2.1 we
have limt→∞ V (φ(t)) = 0. As V is continuous V (φ) = 0 ⇔ φ = 0 this implies that
limt→∞ φ(t) = 0.
Supposing that 3η2 > Λ, then by the restriction (10) and using Theorem 2.1
limt→∞ V (φ(t)) = 3η2 − Λ > 0, we find there is t′ such as V (φ) > (3η2 − Λ)/2 for all
t > t′. From this fact, it follows that φ cannot be zero for t > t′ due to φ = 0 ⇔ V (φ) = 0.
Thus, the sign of φ is invariant for all t > t′.
Supposing that φ is positive for all t > t′, and from the fact that V is an increasing
function of φ in (0,+∞), it follows limt→∞ V (φ(t)) = (3η2 − Λ) ≤ limφ→∞ V (φ).
By continuity and the monotonicity of V , it follows that this equality holds if and only if
limt→∞ φ(t) = +∞.
If limt→∞ V (φ(t)) < limφ→∞ V (φ), then there exists φ¯ > 0 such as
lim
t→∞V (φ(t)) = V (φ¯).
Due to V is strictly increasing and continuous, we have
lim
t→∞φ = φ¯.
Taking the limit t→∞ on (9d) we have
lim
t→∞
dy
dt
= −V ′(φ¯) < 0.
Hence, there exists t′′ > t′ such that dydt < −V ′(φ¯)/2 for all t ≥ t′′. This implies
y(t)− y(t′′) =
∫ t
t′′
(
dy
dt
)
dt < −V
′(φ¯)
2
(t− t′′).
That is, y(t) takes negative values large enough as t → ∞, which is impossible because
limt→∞ y(t) = 0. Henceforth, if φ > 0 for all t > t′, we will have limt→∞ φ = +∞. In the
same way, for φ < 0 and for all t > t′, we have limt→∞ φ = −∞. 
If initially 3H(t0)2 < min {limφ→∞ V (φ), limφ→−∞ V (φ)}, then, limt→∞H(t) =√
Λ
3 . Indeed, from the above Theorem we have limt→∞ φ equals +∞, 0 or −∞. If
limt→∞ φ = +∞, from the restriction (11), it follows
3η2 − Λ = lim
t→∞V (φ(t)) = limφ→∞
V (φ) > 3H(t0)
2,
in contradiction with the fact that H(t) is decreasing and H(t0) ≥ η,Λ ≥ 0. In the same
way, the assumption limt→∞ φ = −∞ leads to a contradiction. Thus, limt→∞ φ = 0 which
implies limt→∞ V (φ(t)) = 0, and from (11) it follows limt→∞H(t) =
√
Λ
3 .
Now, we show how our result generalizes previous theorems:
(A) Setting χ(φ) ≡ 1 (minimal coupling) in Theorem 2.2 we obtain the following:
Corollary 2.2.1 (Leon & Franz-Silva, 2019) Under the hypotheses (i), (ii), and (iii)
and (v) of Theorem 2.2, and setting χ(φ) ≡ 1, then limt→∞ φ ∈ {−∞, 0,+∞}.
(B) Setting χ(φ) ≡ 1, Λ = 0, and G0(a) ≡ 0 in Theorem 2.2 we obtain the following:
Corollary 2.2.2 (Miritzis 2003. Proposition 3, [63]) Under the hypotheses (i), (ii), and
(v) of Theorem 2.2, and setting χ(φ) ≡ 1, Λ = 0, and G0(a) ≡ 0, then,
lim
t→∞φ(t) ∈ {−∞, 0,+∞}.
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(C) Setting χ(φ) ≡ 1 (minimal coupling), Λ = 0, G0(a) ≡ 0 (flat FLRW universe), and
ρm = 0 (vacuum) in the Theorem 2.2 it follows:
Corollary 2.2.3 (Corollary of Proposition 3 of [63]) Under the hypotheses (i), (ii),
and (v) of Theorem 2.2, and setting χ(φ) ≡ 1, G0(a) ≡ 0, Λ = 0, and ρm = 0,
then, lim
t→∞φ(t) ∈ {−∞, 0,+∞}.
Theorem 2.3 (Leon & Franz-Silva, 2019) Assuming
(i) V (φ) ∈ C2(R), V (φ) ≥ 0, and limφ→−∞ V (φ) = +∞.
(ii) V ′(φ) is continuous and V ′(φ) < 0.
(iii) V ′(φ) is bounded on A ⊂ R if V (φ) is bounded on A.
(iv) Λ ≥ 0 and G0(a) = K2ap , p > 0.
(v) χ(φ) ∈ C2(R) such as for all A ⊂ R there is a constant K1, possibly depending on A,
such as
∣∣∣χ′(φ)χ(φ) ∣∣∣ < K1 for all φ ∈ A.
Then, limt→∞
(
ρm, y,
K2
ap
)
= (0, 0, 0), and limt→∞ φ = +∞.
Proof. As before, let O+(x0) be the positive orbit passing at t0 through a regular point
x0 ∈ {(H, ρm, a, y, φ) ∈ Ω : H > 0}. From equation (9b), it follows that the set ρm > 0
is invariant for the flow of (9b) with the restriction (10) along the orbit O+(x0). Besides
ρm is different from zero if initially ρm(t0) is so. This implies H is never zero because of
equation (10), i.e., 3H(t)2 ≥ ρm(t) > 0 for all t > t0. Then H is always non-negative if
initially it is non-negative. Furthermore, from equation (11), it follows that H is decreasing
and non-negative, then ∃ limt→∞H(t) = η ≥ 0 and∫ ∞
t0
(
1
6
K2pa(s)−p +
1
2
γρm(s) +
1
2
y(s)2
)
ds = H(t0)− η < +∞.
As in Theorem 2.1, the total derivative of f(t) =
(
1
6K
2pa(t)−p + 12γρm(t) +
1
2y(t)
2
)
is
bounded, and the improper integral
∫∞
t0
f(t)dt is convergent. Then, limt→+∞ f(t) = 0,
which, along with the non-negativeness of each term of f(t), implies
lim
t→∞
(
ρm, y,
K2
ap
)
= (0, 0, 0).
It can be proved that limt→∞ φ = +∞ in the same way as it was proved for Theorem 2.2.1.
From equation (10) we have limt→∞ V (φ) = 3η2 − Λ. The function V is strictly decreasing
with respect to φ, then V (φ) > limφ→∞ V (φ) for all φ. Hence, limt→∞ V (φ(t)) ≥
limφ→∞ V (φ). Thus, there are two cases to be considered:
(i) If limt→∞ V (φ(t)) = limφ→∞ V (φ), by continuity of V it follows limt→∞ φ = +∞.
(ii) If limt→∞ V (φ(t)) > limφ→∞ V (φ), then, since V is continuous and strictly
decreasing, so it will be a unique φ¯ such as
lim
t→∞V (φ(t)) = V (φ¯).
Because V is continuous, it follows that
lim
t→∞φ = φ¯.
Generalized scalar field cosmologies: Theorems on asymptotic behavior 10
From equation (9d) we have
lim
t→∞
d
dyt
= −V ′(φ¯) > 0.
Hence, there exists t′ such that dydt > −V ′(φ¯)/2 for all t ≥ t′. Therefore,
y(t)− y(t′) > −V
′(φ¯)
2
(t− t′),
which is impossible because limt→∞ y(t) = 0. Finally, limt→∞ φ = +∞. 
Additionally, if limφ→∞ V (φ) = 0, then H →
√
Λ
3 as t→∞.
Now, we will show how our result generalizes previous theorems:
(A) Setting χ(φ) ≡ 1 in Theorem 2.3 we obtain the following:
Corollary 2.3.1 (Leon & Franz-Silva, 2019) Under the hypotheses (i), (ii), (iii) and
(iv) of Theorem 2.3, and assuming χ(φ) ≡ 1, then, limt→∞
(
ρm, y,
K2
ap
)
= (0, 0, 0),
and limt→∞(a, φ) = (+∞,+∞).
(B) Setting χ(φ) ≡ 1 (minimal coupling), Λ = 0, and choosing G0(a) ≡ 0 (flat FLRW
universe), and Λ = 0 in Theorem 2.3, we have the following:
Corollary 2.3.2 (Miritzis 2003. Proposition 4, [63]) Under the hypotheses (i), (ii), and
(iii) of Theorem 2.3, and setting χ(φ) ≡ 1, Λ = 0, and G0(a) ≡ 0, then,
limt→+∞ y(t) = limt→+∞ ρm(t) = 0 and limt→+∞ φ(t) = +∞.
(C) Setting χ(φ) ≡ 1 (minimal coupling), Λ = 0, G0(a) ≡ 0 (flat FLRW universe), and
ρm = 0 (vacuum) in Theorem 2.3 we have the following:
Corollary 2.3.3 (Corollary of Proposition 4 of [63]) Under the hypotheses (i), and (ii)
of Theorem 2.3, and setting χ(φ) ≡ 1, Λ = 0, G0(a) ≡ 0, and ρm = 0, then
limt→+∞ y(t) = 0 and limt→+∞ φ(t) = +∞.
Finally, we present the theorem:
Theorem 2.4 (Leon & Franz-Silva, 2019) Assuming
(i) V (φ) ∈ C2(R) such that the possibly empty set {φ : V (φ) < 0} is bounded
(ii) and the possibly empty set of singular points of V (φ) is finite.
(iii) φ∗ is a strict minimum possibly degenerated of V (φ) with non-negative critical value.
(iv) Λ = 0, and G0(a) ≥ 0 such as aG
′
0(a)
G0(a)
≤ −p < 0, for all a > 0.
Then p∗ := (φ, y, ρm, H) =
(
φ∗, 0, 0,
√
V (φ∗)
3
)
is an asymptotically stable equilibrium
point.
Proof. Defining
W (φ, y, ρm, H) = H
2 − 1
3
(
1
2
y2 + V (φ) + ρm
)
:=
1
3
G0(a), (12)
which satisfies ‡
W˙ = HW
aG′0(a)
G0(a)
< −pHW. (13)
‡ Observing that in [66] where the case G0(a) = − 3ka2 was studied, it leads to W˙ = −2HW .
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Therefore, W is a non-negative and decreasing function of t.
Define:
 =
1
2
y2 + V (φ) + ρm, ˙ = −3H
(
γρm + y
2
)
. (14)
This implies that  is decreasing too.
Firstly, it is assumed that V (φ∗) > 0. Letting V˜ > V (φ∗) be a regular value of V such
that the connected component of V −1
(
(−∞, V˜ ]
)
that contains φ∗ is a compact set in R.
Denoting this set by A and defining Ψ as
Ψ =
{
(φ, y, ρm, H) ∈ R4 : φ ∈ A,  ≤ V˜ , ρm ≥ 0,W (φ, y, ρm, H) ∈ [0, W¯ ]
}
,
where W¯ is positive. It can be proved that then Ψ is a compact set as follows:
(i) Ψ is a closed set in R4.
(ii) V (φ∗) ≤ V (φ) ≤ V˜ , for all φ ∈ A.
(iii) Since 12y
2 +V (φ∗) ≤ 12y2 +V (φ)+ρm =  ≤ V˜ , therefore it follows that y is bounded.
(iv) From ρm ≤ V˜ − 12y2 − V (φ) ≤ V˜ − V (φ∗), it is a consequence that ρm is bounded.
(v) From (12), and due to the above facts, it also follows that:
V (φ∗)
3
≤ V (φ)
3
≤ H2 = W + 1
3
(
1
2
y2 + V (φ) + ρm
)
≤ W¯ + V˜
3
. (15)
That is, H is also bounded.
Define Ψ+ ⊆ Ψ, the connected component of Ψ containing p∗. Then following the same
arguments as in [66, 79] we prove that Ψ+ is positively invariant with respect to (9). Letting
x(t) to be any solution starting at Ψ+, and defining t¯ = sup {t > 0 : H(t) > 0} ∈ R∪{+∞},
we have t < t¯, equations (13) and (14) implying that both W and  decrease. Moreover, we
assume that there exists t < t¯ such as φ(t) /∈ A. Hence, V (φ(t)) > V˜ . However
V˜ < V (φ(t)) ≤ 1
2
y(t)2 + V (φ(t)) + ρm(t) = (t) ≤ V˜ ,
which is a contradiction. Therefore, φ(t) ∈ A, ∀t < t¯. But, W ≥ 0 along the flow under
(9), due to G0(a) ≥ 0, and so by hypothesis it follows:
H(t)2 ≥ 1
3
(
1
2
y(t)2 + V (φ(t)) + ρm(t)
)
≥ V (φ(t))
3
≥ V (φ∗)
3︸ ︷︷ ︸
Because φ(t)∈A, ∀t<t¯
.
That is, as long as H remains positive, it is strictly bounded away from zero and thus
t¯ = +∞. Therefore, Ψ+ satisfies the hypothesis of LaSalle’s invariance Theorem [111, 112].
Considering the monotonic functions  and W defined on Ψ+ , it follows that any solution
with initial state on Ψ+ must be such that Hy2 → 0, Hγρm → 0 as t → +∞. Since H is
strictly bounded away from zero on Ψ+, it follows that y → 0, ρm → 0 (recall 1 ≤ γ ≤ 2)
and H2− V (φ)3 → 0 as t→ +∞. From hypotheses G0(a) ≥ 0 and aG
′
0(a)
G0(a)
≤ −p < 0, for all
a > 0, we have
H˙ = −1
2
(
γρm + y
2
)
+
1
6
aG′0(a) ≤ −
1
2
(
γρm + y
2
)− p
6
G0(a) ≤ 0.
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Due to H is monotonically decreasing and bounded, it must have a limit. This implies that
V (φ) must also have a limit, and this must be V (φ∗). Otherwise, V ′(φ) would tend to a non
zero value, and as well as the right hand side of (9d), which is a contradiction. Therefore, the
solution tends to p∗.
If V (φ∗) = 0, the set Ψ is connected and we choose Ψ+ as the subset of Ψ with
H ≥ 0. The unique equilibrium point on Ψ+ with H = 0 is then the equilibrium point
p∗, then, if H(t) → 0, and the solution is forced to tend to the equilibrium point due to H
is monotonic. On the contrary, if H(t) tends to a positive number, as before, we will have
y → 0, ρm → 0,W → 0, V (φ)→ V (φ∗) = 0, and hence H will necessarily tend to zero. 
2.1.1. Case of positive curvature k = 1. For k = +1,W < 0, we cannot guarantee the
monotony of H , so we have to adapt the previous arguments in exactly the same way as in
[79]. That is, φ∗ is a local minimum of V (φ) with V (φ∗) > 0. The value V˜ > V (φ∗)
is a regular value of V so the connected component of V −1
(
(−∞, V˜ ]
)
contains φ∗ as
the only critical point of V , and is a compact set in R. It is considered a solution x(t) =
(φ(t), y(t), ρm(t), H(t)) such that 12y(0)
2 + V (φ(0)) + ρm(0) ≤ V˜ , and let W¯ < 0, a value
to determine, to act as a lower bound for W . Taking the initial condition near the equilibrium
point p∗, then H(0) > 0; since W (0) > W¯ , from the equations W˙ = HW
aG′0(a)
G0(a)
≥ 0 and
˙ = −3H (γρm + y2) ≤ 0, we have W ≥ W¯ (W now, it will be monotonic increasing and
negative) and  ≤ V˜ . The last inequality implies that V (φ(t)) ≤ V˜ . This implies that φ(t)
satisfies V (φ∗) ≤ V (φ(t)) ≤ V˜ . Then,
H2 =

3
+
W
3
≥ V (φ∗)
3
+
W¯
3
= H2∗ +
W¯
3
=⇒ H ≥ H¯ :=
√1 + W¯
3H∗2
H∗,
where H∗ =
√
V (φ∗)
3 . Choosing W¯ small enough such as H
2
∗ > − W¯3 , we have H(0) >
0 =⇒ H(t) ≥ H¯ > 0. That is, H is bounded away by zero, which is combined with
the monotony of W , , and using the LaSalle’s invariance Theorem as in the case W ≥ 0
leads to y → 0, ρm → 0,W → 0 as t → ∞, and the equilibrium point p∗ is approached
asymptotically.
If V (φ∗) = 0, the equilibrium point satisfies H∗ = 0, and the nearby solutions
may re-collapse as H changes sign. Collapsing models were exhaustively studied, e.g., in
[113, 114, 115, 116, 117, 118, 119, 120, 121, 122] for a wide class of self-interacting, self-
gravitating homogeneous scalar field models.
In the next sections we present some examples that satisfy the hypotheses of the
Theorems that were proved in Section 2.1, as well as some examples that violate one or more
hypotheses of these Theorems to obtain some counterexamples.
2.2. Generalized harmonic potential V (φ) = µ3
[
φ2
µ + bf cos
(
δ + φf
)]
, b 6= 0 in vacuum.
In this section, we proceed with the qualitative analysis of a scalar-field cosmology with a
generalized harmonic potential
V (φ) = µ3
[
φ2
µ
+ bf cos
(
δ +
φ
f
)]
, b 6= 0, (16)
in a vacuum. In figure 1 the potential V (φ) and its derivative V ′(φ) are represented for some
values of the parameters (b, f, δ, µ). The condition for the existence of a local minimum at
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Figure 1. Generalized harmonic potential V (φ) = µ3
[
φ2
µ
+ bf cos
(
δ + φ
f
)]
and its
derivative.
the origin is δ = 0, µ3
(
2
µ − bf
)
> 0; with V (0) = bfµ3. The condition for the existence
of a local maximum at the origin is δ = 0, µ3
(
2
µ − bf
)
< 0; with V (0) = bfµ3. For
δ = 0, µ = 2fb , φ = 0 is a degenerated local minimum of order two with V (0) =
8f4
b2 .
For simplicity, it is implemented the re-scaling (y ≡ φ˙, φ)→ (u, v), given by:
u =
φ˙√
2ρc
, v =
φ
f
, (17)
where the parameter ρc > 0 will be chosen conveniently.
Using this parametrization, the Friedmann equation can be rewritten as
3H2
ρc
=
[
u2 +
µ3f
ρc
(
fv2
µ
+ b cos (δ + v)
)]
. (18)
As we are interested in an expanding universe we choose the positive solution for H
from the previous equation. Hence, by introducing τ =
√
2ρc
f t, and redefining constants
ρc =
1
2bfµ
3 > 0, k = 2fbµ > 0, we obtain the equations:
du
dτ
= −
√
6
4
bkµu
√
kv2 + u2 + 2 cos(δ + v)− kµv + sin(δ + v)), dv
dτ
= u. (19)
The origin (u, v) = (0, 0) is an equilibrium point if δ = 0. The eigenvalues of the
linearization are{
1
4
(
−√kµ (3b2kµ− 16) + 16−√3bkµ) , 14 (√kµ (3b2kµ− 16) + 16−√3bkµ)}.
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The origin is a sink for: µ > 0, k > 1µ , b ≥ 43
√
3kµ−3
k2µ2 . When δ = 0 and µ = 0, or
kµ < 1 the origin is a saddle.
Now, for k 6= 0 and |kµvc| ≤ 1, we have the equilibrium points (u, v) = (0, vc) such as
sin(δ + v)− kµv = 0. To obtain a real valued linearization matrix, it is additionally required
that 3v sin(δ+v)2µ + 3 cos(δ + v) ≥ 0.
If δ = 0 and |kµv| > 1, there are no equilibrium points apart from the origin.
In general, for δ 6= 0 the system (19) admits no equilibrium points (u, v) = (0, vc), apart
from the origin, for |kµvc| > 1.
If |kµvc| ≤ 1, we have the equilibrium points (u, v) = (0, vc) where vc are the roots of
the transcendental equation sin(δ + v)− kµv = 0.
For δ 6= 0 and |kµvc| ≤ 1, we have δ = −vc + arcsin (kµvc), and we obtain the
eigenvalues{
−
√
kµ
(
3b2kµ
(
2
√
1−k2µ2v2c+kv2c
)
−32
)
+32
√
1−k2µ2v2c+bkµ
√
6
√
1−k2µ2v2c+3kv2c
4
√
2
,√
kµ
(
3b2kµ
(
2
√
1−k2µ2v2c+kv2c
)
−32
)
+32
√
1−k2µ2v2c−bkµ
√
6
√
1−k2µ2v2c+3kv2c
4
√
2
}
.
For the choice of parameters (b, f, δ, µ) = (0.1, 0.33, 0, 0.9) we have ρc = 240572000000 ≈
0.0120285, k = 223 ≈ 7.33333. The only equilibrium point is the origin with eigenvalues{−0.285788 + 2.34911i,−0.285788 − 2.34911i}, which is a stable spiral. In figure 2(a)
we present some orbits of the flow of (19) for the choice of parameters (b, f, δ, µ) =
(0.1, 0.33, 0, 0.9). For this choice of parameters we verified the hypotheses and the results
of Theorems 2.1.3 and 2.2.3 (limt→∞ φ˙ = 0 and limt→∞ φ = 0).
Substituting the values (b, f, δ, µ) = (0.99, 0.09, 0, 0.9), we obtain ρc = 64953920000000 ≈
0.032477, k = 2099 ≈ 0.20202. The transcendental equation is 2v11 − sin(v) = 0. Therefore,
there are three equilibrium points:
(i) A := (u, v) = (0,−2.64078). The linearization matrix is complex-valued with
eigenvalues {0.997194i,−1.06199i}.
(ii) B := (u, v) = (0, 0), with eigenvalues {−0.985828, 0.829944}. It is a saddle.
(iii) C := (u, v) = (0, 2.64078). The linearization matrix is complex-valued with
eigenvalues {0.997194i,−1.06199i}.
In this case, the value of the potential has negative values at the stable equilibrium points . It
is well known that a negative potential constant generates an equilibrium state which is just
the Anti - de Sitter (AdS) equilibrium solution.
In figure 2(b), we present some orbits of the flow of (19) for (b, f, δ, µ) =
(0.99, 0.09, 0, 0.9). For these choices of parameters the hypotheses V (φ) ≥ 0 and V (φ) = 0,
if and only if φ = 0 of Theorem 2.1.3 are violated, but the result limt→+∞ φ˙ = 0 holds.
The hypotheses V (φ) ≥ 0 and V (φ) = 0, if and only if φ = 0 and V ′(φ) < 0 for
φ < 0 and V ′(φ) > 0 for φ > 0 of Theorem 2.2.3 are violated, and limt→+∞ φ can be
finite (rather than zero or infinity). Then recall this Theorem relies on the last hypothesis.
Finally, when the hypotheses V (φ) ≥ 0 and V ′(φ) < 0 ∀φ ∈ R of 2.3.3 are violated, and
limt→+∞ φ˙ = 0, limt→+∞ φ <∞.
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Figure 2. Phase portrait of equations (19) for some values of parameters (b, f, δ, µ).
2.3. Generalized harmonic potential V (φ) = µ3
[
bf
(
cos(δ)− cos
(
δ + φf
))
+ φ
2
µ
]
, b 6= 0,
in vacuum.
In this section, we proceed with the qualitative analysis of a scalar-field cosmology with
generalized harmonic potential
V (φ) = µ3
[
bf
(
cos(δ)− cos
(
δ +
φ
f
))
+
φ2
µ
]
, b 6= 0, (20)
in a vacuum.
In the figure 3, the generalized harmonic potential V (φ) and its derivative V ′(φ) for
some values of the parameters (b, f, δ, µ) are represented.
As in section 2.2, we use the new variables (17) satisfying
3H2 = µ3
(
f2v2
µ
− bf cos(δ + v)
)
+ bfµ3 cos(δ) + ρcu
2. (21)
As we are interested in an expanding universe we choose the positive solution for H of the
previous equation. Hence, by introducing τ =
√
2ρc
f t, and redefining constants ρc =
1
2bfµ
3 >
0, k = 2fbµ > 0, we obtain the equations
du
dτ
= −
√
6
4
bkµu
√
2 cos(δ) + kv2 + u2 − 2 cos(δ + v)− kv − sin(δ + v), dv
dτ
= u.
(22)
The origin (u, v) = (0, 0) is an equilibrium point if δ = 0. Then, the eigenvalues of the
linearization are
{−√−k − 1,√−k − 1}. The origin is a center.
For k 6= 0 and |kvc| ≤ 1, we have the equilibrium points (u, v) = (0, vc) such as
−kv − sin(δ + v) = 0. We obtain a real valued linearization matrix which is additionally
required, as 3 cos(δ)− 32v sin(δ+v)−3 cos(δ+v) ≥ 0. The system does not admit equilibrium
points (u, v) = (0, vc) apart from the origin for |kvc| > 1.
If |kvc| ≤ 1, we have the equilibrium points (u, v) = (0, vc) where vc are the roots of
the transcendental equation −kv − sin(δ + v) = 0.
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Figure 3. The generalized harmonic potential is V (φ) =
µ3
[
bf
(
cos(δ)− cos
(
δ + φ
f
))
+ φ
2
µ
]
and its derivative.
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Figure 4. Phase portrait of equations (29) for some choices of parameters (b, f, δ, µ).
For δ 6= 0 and |kvc| ≤ 1, we have δ = − sin−1(kv)− v, and we obtain the eigenvalues{
− 18
√
6b2k2µ2
(−2√1− k2v2 + kv2 + 2 cos (sin−1(kv) + v))− 64 (√1− k2v2 + k)
− 14bkµ
√
−3√1− k2v2 + 3kv22 + 3 cos
(
sin−1(kv) + v
)
,
1
8
√
6b2k2µ2
(−2√1− k2v2 + kv2 + 2 cos (sin−1(kv) + v))− 64 (√1− k2v2 + k)
− 14bkµ
√
−3√1− k2v2 + 3kv22 + 3 cos
(
sin−1(kv) + v
)}
.
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For the choice of parameters (b, f, δ, µ) = (0.1, 0.33, 0, 0.9) we have ρc = 240572000000 ≈
0.0120285, k = 223 ≈ 7.33333. The only equilibrium point is the origin with eigenvalues{
5i√
3
,− 5i√
3
}
. In figure 4(a) presented are some orbits of the flow of (29) for the choice of
parameters (b, f, δ, µ) = (0.1, 0.33, 0, 0.9). For this choice of parameters the hypotheses and
the results of Theorems 2.1.3 and 2.2.3 (limt→∞ φ˙ = 0, and limt→∞ φ = 0) have been
verified.
Substituting the values (b, f, δ, µ) = (0.99, 0.09, 0, 0.9), we obtain ρc = 64953920000000 ≈
0.032477, k = 2099 ≈ 0.20202. The transcendental equation is − 20v99 − sin(v) = 0. The
equilibrium points are:
(i) A : (u, v) = (0,−4.88035), with eigenvalues −0.140267 − 0.591197i,−0.140267 +
0.591197i. It is a stable spiral.
(ii) B : (u, v) = (0,−4.12769), with eigenvalues −0.749132, 0.467117, is a saddle.
(iii) C : (u, v) = (0, 0), with eigenvalues −1.09637i, 1.09637i, is a center.
(iv) D : (u, v) = (0, 4.12769), with eigenvalues −0.749132, 0.467117, is a saddle.
(v) E : (u, v) = (0, 4.88035), with eigenvalues −0.140267 − 0.591197i,−0.140267 +
0.591197i, is a stable spiral.
In figure 4(b) are presented some orbits of the flow of (29) and for (b, f, δ, µ) =
(0.99, 0.09, 0, 0.9) the hypotheses of Theorem 2.1.3 hold, and the result limt→+∞ φ˙ = 0
is attained. The hypothesis V ′(φ) < 0 for φ < 0 and V ′(φ) > 0 for φ > 0 of Theorem
2.2.3 is violated and limt→+∞ φ can be zero, or finite. Recalling this Theorem relies on the
monotonicity of V (φ). Finally, the hypothesis V ′(φ) < 0 ∀φ ∈ R of Theorem 2.3.3 is
violated and limt→+∞ φ˙ = 0, limt→+∞ φ <∞.
2.4. Scalar field with potential V (φ) = φ
2
2 + f
[
1− cos
(
φ
f
)]
, f > 0 nonminimally coupled
to matter with coupling function χ(φ) = χ0e
λφ
4−3γ .
In this section we use the Hubble–normalized formulation for the FLRW metric and the
Bianchi I metric for a scalar field cosmology with generalized harmonic potential:
V (φ) =
φ2
2
+ f
[
1− cos
(
φ
f
)]
, f > 0, (23)
where we have substituted µ =
√
2
2 , bµ = 2, δ = 0 in equation (20). The scalar field is
nonminimally coupled to matter with coupling function χ = χ0e
λφ
4−3γ , where λ is a constant
and 0 ≤ γ ≤ 2, γ 6= 43 . We set Λ = 0. For this potential the Raychaudhuri equation fails to
decouple [97].
The generalized harmonic potential (23) belongs to the class of potentials studied by
[108] and has the following generic features:
(i) V be a real-valued function, V ∈ C∞(R), with limφ→±∞ V (φ) = +∞.
(ii) V is an even function: V (φ) = V (−φ).
(iii) V (φ) has always a local minimum at φ = 0: V (0) = 0, V ′(0) = 0, V ′′(0) > 0.
(iv) There is a finite number of values φc 6= 0 that satisfies φc + sin
(
φc
f
)
= 0, which are
extreme points of V (φ) (local maximums or local minimums depending on V ′′(φc) :=
cos(φcf )
f + 1 < 0 or V
′′(φc) > 0). For |φc| > 1 this set is empty.
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Figure 5. Generalized harmonic potential V (φ) = φ
2
2
+f
[
1− cos2
(
φ
f
)]
(left panel) and
its derivative (right panel).
(v) There exist Vmax = maxφ∈[−1,1] V (φ) = 12 + f
[
1− cos
(
1
f
)]
, and Vmin =
minφ∈[−1,1] V (φ) = 0. The function V has not an upper bound, but it has a lower
zero bound.
In Fig. 5, is represented the generalized harmonic potential V (φ) = φ
2
2 +
f
[
1− cos
(
φ
f
)]
and its derivative for different choices of f . In the limit f → 0 the harmonic
potential φ2/2 is recovered.
2.4.1. Scalar field in a vacuum for flat FRW metric We study the field equations of a scalar
field with the self-interacting potential V (φ) in vacuum. Defining y = φ˙ we obtain:
y˙ = −φ− sin
(
φ
f
)
− 3Hy, (24a)
φ˙ = y, (24b)
H˙ = −1
2
y2, (24c)
defined on the phase space{
(y, φ,H) ∈ R3 : 3H2 = y
2
2
+
φ2
2
+ f
[
1− cos
(
φ
f
)]}
. (25)
We are interested in the late time behavior of the system (24) for sufficiently small positive
H , considering that the origin is always a local minimum of V , with V (0) = 0.
Defining the set of local maximums of V (φ):
S+ =
{
φ ∈ R : φ+ sin
(
φ
f
)
= 0, V ′′(φ) < 0
}
. (26)
If S+ = ∅, the origin is the only extrema of V (φ), being a global minimum. Then we choose
Vm = Vmax = maxφ∈[−1,1] V (φ) in the following discussion.
If S+ 6= ∅, there exists
φm :=
∣∣∣∣∣ arg minφ∈S+⊆[−1,1]V (φ)
∣∣∣∣∣ := {|x| : x ∈ S+ ∧ ∀y ∈ S+ : V (y) ≥ V (x)}. (27)
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We consider initial data such that y(0) = y0, φ(0) = φ0 ∈ [−1, 1], H0 = H(0), 3H20 ≤
Vm ≤ Vmax, where Vm = V (φm) = φ
2
m
2 + f
[
1− cos
(
φm
f
)]
. By equation (24c), H is
monotonically decreasing, then
3H(t)2 := V (φ(t)) +
1
2
φ(t)2 ≤ 3H20 ≤ Vm,∀t ≥ 0. (28)
Hence, V (φ(t)) ≤ Vm,∀t ≥ 0. Moreover, −φm < φ < φm, and there is a critical value of
y, say ycrit, such that if |φ0| < φm, and y0 < ycrit, then |φ(t)| remains less than φm for all
t ≥ 0. The equation (28), and the initial condition on H(t), establish a maximum allowable
value of ycrit, ycrit ≤
√
2Vm. Therefore, if 0 < H0 ≤
√
Vm/3, and y0 ≤
√
2Vm, then
φ(t) never crosses the maximum of V (φ) throughout the evolution. Since |φ| is bounded in a
neighborhood of zero, the trajectories are attracted by the origin.
To investigate qualitatively the system (24) we can alternatively study the equations
dy
dt
= −φ− sin
(
φ
f
)
−
√
3
2
y
√
−2f cos
(
φ
f
)
+ 2f + y2 + φ2,
dφ
dt
= y, (29)
where we have solved for the positive branch of H in 3H2 = f − f cos
(
φ
f
)
+ y
2
2 +
φ2
2 .
The origin is an equilibrium point with eigenvalues
{
−
√−f−1√
f
,
√−f−1√
f
}
. It is a spiral
point for f > 0. The system admits the equilibrium points: (y, φ) = (0, φc), such that
sin(φc)
f + φc = 0, with eigenvalues
λ1,2 = −1
2
√
3
2
√
φ2c − 2f
(
cos
(
φc
f
)
− 1
)
±
√
f
(
f (3φ2c + 6f − 8)− 2 (3f2 + 4) cos
(
φc
f
))
2
√
2f
.
(30)
In Fig. 6 we represent the phase portrait of the equations (29) for the generalized
harmonic potential V (φ) = φ
2
2 + f
[
1− cos
(
φ
f
)]
for f = 0.1, f = 0.33 and f = 1. In
Fig. 6(a) the equilibrium points A : (y, φ) = (0,−0.567921) and E : (y, φ) = (0, 0.567921)
with eigenvalues {−0.366359 + 3.01606i,−0.366359 − 3.01606i} and C : (y, φ) = (0, 0)
with eigenvalues
{
i
√
11,−i√11} are local attractors. They are associated to local minimums
of the potential. The equilibrium points B : (y, φ) = (0,−0.349906) and D : (y, φ) =
(0, 0.349906) are associated with the local maximums of the potential, with eigenvalues
{−3.36281, 2.48835}; therefore, they are saddle points. In Figs. 6(b) and 6(c), the origin,
denoted by C, is the unique equilibrium point of the dynamical system, corresponding to the
global minimum of the potential, and it is a sink.
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Figure 6. Phase portrait of the system (29) for the generalized harmonic potential V (φ) =
φ2
2
+ f
[
1− cos
(
φ
f
)]
.
Label (x, z,Ωk, φ) Existence Eigenvalues Stability
P1(φc) (0, 0, 0, φc) φc ∈ R , λ = 0 {0, 3γ2 , 3γ2 − 3, 3γ − 2} Saddle
P2(φc) (0, 0, 1, φc) φc ∈ R {−2, 1, 0, 2− 3γ} Saddle
P3(φc) (0, 0,Ωkc, φc) φc ∈ R, ∀Ωkc, γ = 2/3, λ = 0 {−2, 1, 0, 0} Saddle
P4(φ
∗) (0, z∗, 0, φ∗) sin(φ∗/f) + φ∗ = 0, φ∗ 6= 0 {−2,−3γ, λ1, λ2} See text.
Table 1. Stability of the equilibrium points of (33). We use the notation z∗ =√
6√
φ∗2−2f cos
(
φ∗
f
)
+2f
2.4.2. Scalar field nonminimally coupled to matter for FLRW metric In this example the
field equations are
φ¨+ 3Hφ˙+ φ+ sin
(
φ
f
)
=
λ
2
ρm, (31a)
˙ρm + 3γHρm = −λ
2
ρmφ˙, (31b)
a˙ = aH, (31c)
H˙ = −1
2
(
γρm + φ˙
2
)
+
k
a2
, (31d)
3H2 = ρm +
1
2
φ˙2 +
φ2
2
+ f
[
1− cos
(
φ
f
)]
− 3k
a2
. (31e)
In Figure 7 are represented some projections of the orbits of the system (33) for γ = 1 and
λ = 0.1. We see that the global minimum C is unstable to curvature perturbations. Defining
the variables
x =
φ˙√
6H
, z =
1
H
, Ωk = − k
a2H2
, (32)
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Figure 7. Projections of the orbits of the system (33) for γ = 1 and λ = 0.1.
and the time variable dgdτ ≡ g′ = H−1g˙, we obtain the Hubble–normalized equations
dx
dτ
= −
z2 sin
(
φ
f
)
√
6
+
1
2
√
3
2
λΩm − z
2φ√
6
+ 3x3 + x
(
3γΩm
2
+ Ωk − 3
)
, (33a)
dz
dτ
= z
(
3γΩm
2
+ 3x2 + Ωk
)
, (33b)
dΩk
dτ
= Ωk
(
3γΩm + 6x
2 + 2Ωk − 2
)
, (33c)
dφ
dτ
=
√
6x, (33d)
where
Ωm = 1− Ωk − x2 − 1
6
φ2z2 − f
3
z2
[
1− cos
(
φ
f
)]
. (34)
The stability analysis of the equilibrium points of system (33) are summarized in table 1.
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Figure 8. Phase portrait of the reduced system (37).
Regarding the equilibrium points P4(φ∗) the eigenvalues λ1,2 are:
λ1,2 = −3
2
± 3
2
√√√√
1−
8
(
1
f cos
(
φ∗
f
)
+ 1
)
3∆
, (35)
where φ∗ and f are related through sin(φ∗/f) + φ∗ = 0, 0 < |φ∗| ≤ 1. For z∗
be real we require ∆ := φ∗2 + 2f
[
1− cos
(
φ∗
f
)]
> 0. If sin(φ∗/f) + φ∗ = 0,
0 < |φ∗| ≤ 1, cos
(
φ∗
f
)
+ f < 0, i.e., when φ∗ is a local maximum of V (φ), P4 is a
saddle. Whenever sin(φ∗/f) + φ∗ = 0, 0 < |φ∗| ≤ 1, cos
(
φ∗
f
)
+ f > 0, i.e., when φ∗
is a non zero local minimum of V (φ), P4 is a sink. Indeed, the dynamics on the invariant
manifold x = φ = 0 is given by
dz
dτ
= z
(
Ωk − 3
2
γ(Ωk − 1)
)
,
dΩk
dτ
= (3γ − 2)(1− Ωk)Ωk. (36)
The equilibrium points/lines in this invariant set are:
(i) The line z = 0 exists for γ = 23 .
(ii) The line Ωk = 0 exists for γ = 0. These lines do not exist for γ ∈ [1, 2).
(iii) The point P2(0) has coordinates (z,Ωk) = (0, 1). The eigenvalues of the reduced
dynamical system are {1,−3γ + 2}. For γ > 23 is stable to curvature perturbations.
(iv) The point C = P4(0) : (z,Ωk) = (0, 0). The eigenvalues of the reduced dynamical
system are
{
3γ
2 , 3γ − 2
}
. For γ > 23 is unstable to curvature perturbations.
As z → 0 (H →∞), we obtain the reduced system
dx
dτ
= −1
2
x
(
(3γ − 2)Ωk + 3(γ − 2)
(
x2 − 1)) , (37a)
dΩk
dτ
= −1
2
Ωk
(
2(3γ − 2)(Ωk − 1) + 6(γ − 2)x2
)
. (37b)
The dynamics on the invariant set z = 0, given by the reduced system (37), is presented in
Figure 8. Therefore, it is confirmed the result by [88], that for γ > 2/3, the curvature in a
Generalized scalar field cosmologies: Theorems on asymptotic behavior 23
Label (x, z,Σ, φ) Existence Eigenvalues Stability
Q1(φc) (0, 0, 0, φc) φc ∈ R, λ = 0 {0, 3γ2 , 3(γ−2)2 , 3(γ−2)2 } Saddle
Q2(φc) (0, 0,−
√
3, φc) φc ∈ R {0, 0, 3, 3(2− γ)} 2D unstable manifold
Q3(φc) (0, 0,
√
3, φc) φc ∈ R {0, 0, 3, 3(2− γ)} 2D unstable manifold
Q4(φ
∗) (0, z∗, 0, φ∗) sin(φ∗/f) + φ∗ = 0 {−3,−3γ, λ1, λ2} See text.
Table 2. Stability of the equilibrium points of system (40). We use the notation z∗ =√
6√
φ∗2−2f cos
(
φ∗
f
)
+2f
.
non-degenerated minima with zero critical value has a dominant effect on the late evolution
of the universe and will eventually dominates both the perfect fluid and the scalar field.
2.4.3. Scalar field nonminimally coupled to matter for Bianchi I metric The equations of
motion are
φ¨+ 3Hφ˙+ φ+ sin
(
φ
f
)
=
λ
2
ρm, (38a)
˙ρm + 3γHρm = −λ
2
ρmφ˙, (38b)
a˙ = aH, (38c)
H˙ = −1
2
(
γρm + φ˙
2
)
− σ
2
0
a6
, (38d)
3H2 = ρm +
1
2
φ˙2 +
φ2
2
+ f
[
1− cos
(
φ
f
)]
+
σ20
a6
, (38e)
Defining the variables
x =
φ˙√
6H
, z =
1
H
, Σ =
σ0
H2a3
, (39)
and the time variable dgdτ ≡ g′ = H−1g˙, we obtain the Hubble–normalized equations
dz
dτ
= z
(
3γΩm
2
+ Σ2 + 3x2
)
, (40a)
dx
dτ
= −
z2 sin
(
φ
f
)
√
6
+
1
2
√
3
2
λΩm − z
2φ√
6
+ 3x3 + x
(
3γΩm
2
+ Σ2 − 3
)
, (40b)
dΣ
dτ
= Σ3 +
3
2
Σ
(
γΩm + 2x
2 − 2) , (40c)
dφ
dτ
=
√
6x, (40d)
where
Ωm = 1− 1
3
Σ2 − x2 − 1
6
φ2z2 − f
3
z2
[
1− cos
(
φ
f
)]
. (41)
The equilibrium points of the system (40) and their existence and stability conditions are
summarized in Table 2.
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Figure 9. Projections of the orbits of the system (40) for γ = 1 and λ = 0.1.
Regarding the equilibrium points Q4 the eigenvalues λ1,2 are
λ1,2 = −3
2
± 3
2
√√√√
1−
8
(
1
f cos
(
φ∗
f
)
+ 1
)
3∆
, (42)
where φ∗ and f are related through sin(φ∗/f) + φ∗ = 0, |φ∗| ≤ 1. For z∗ be real we require
∆ := φ∗2 + 2f
[
1− cos
(
φ∗
f
)]
> 0. If sin(φ∗/f) + φ∗ = 0, |φ∗| ≤ 1, cos
(
φ∗
f
)
+ f < 0,
i.e., when φ∗ is a local maximum of V (φ), Q4 is a saddle. Whenever sin(φ∗/f) + φ∗ = 0,
|φ∗| ≤ 1, cos
(
φ∗
f
)
+f > 0, i.e., when φ∗ is a local minimum of V (φ),Q4 is a sink. In Figure
9 are represented some projections of the orbits of the system (40) for γ = 1 and λ = 0.1.
The dynamics on the invariant set x = φ = 0 is given by
dz
dτ
= z
(
Σ2 − 1
2
γ
(
Σ2 − 3)) , dΣ
dτ
= −1
2
(2− γ)Σ (3− Σ2) . (43)
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Figure 10. Phase portrait of the reduced system (44).
The equilibrium points/lines in this invariant set are:
(i) The line z = 0 exists for γ = 2.
(ii) The line Σ = 0 exists for γ = 0. These lines do not exist for γ ∈ [1, 2).
(iii) The point Q2,3(0) : (z,Σ) = (0,∓
√
3). The eigenvalues of the reduced dynamical
system are {3, 3(2− γ)}. They are local sources in the invariant set.
(iv) The point Q4(0) : (z,Σ) = (0, 0), with eigenvalues
{
3(γ−2)
2 ,
3γ
2
}
is a saddle (unstable
to shear perturbations).
As z → 0 (H →∞), we obtain the reduced system
dx
dτ
=
1
2
(2− γ)x (Σ2 + 3x2 − 3) , dΣ
dτ
=
1
2
(2− γ)Σ (Σ2 + 3x2 − 3) . (44)
The physical solutions with Σ2 + 3x2 ≤ 3 tends radially to the origin, as it is shown in Figure
10.
3. Discussion
In this research we presented some theorems and analyzed the asymptotic behavior of
a very general cosmological model consisting of a scalar field nonminimally coupled to
matter, where we have included a “geometric” term G0(a) which mainly represents the
spatial curvature in FLRW models, or the anisotropy in Bianchi I metrics. However, the
demonstrations have been made in full generality to incorporate the inverse power-law
“geometric” term G0(a) such that it can effectively behave like a radiation fluid (see, e.g.,
[83]), whereas the energy density decays as ∝ a−4, or as a stiff fluid wherein the energy
density decays as ∝ a−6. Any effective non-negative energy density which depends on the
scale factor a may be considered as sub-cases of the present model as well. The coupling
function is proposed such that the scalar field formulation of f(R)- gravity is incorporated
as well as a particular case of our scenario. We have proved new Theorems: 2.1, 2.2,
2.2.1, 2.3, 2.3.1 and 2.4 valid for general situations in the context of scalar field cosmologies
with arbitrary potential and / or with arbitrary couplings to matter. Some well-known results
from the literature are recovered, and they are presented as the corollaries 2.1.2, 2.1.3, 2.2.2,
2.2.3, 2.3.2 and 2.3.3. We use both local and global dynamical system variables and smooth
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transformations of the scalar field to provide qualitative features of the model at hand. We
have discussed the conditions of a scalar field potential V ∈ C2(R) under which lim
t→∞ φ˙ = 0.
These conditions are very general: non-negativity of the potential which are zero only on
the origin and the boundedness of both V ′(φ) and V (φ) (Theorem 2.1.3). Additionally, we
have presented some extra conditions for having lim
t→∞φ(t) ∈ {−∞, 0,+∞}. They are the
previous conditions with the addition of V ′(φ) > 0 for φ > 0 and V ′(φ) < 0 for φ < 0
(Theorem 2.2.3). We have also considered mild conditions under the potential (satisfied by the
exponential potential with negative slope) for having limt→+∞ φ˙ = 0 and limt→+∞ φ(t) =
+∞ (Theorem 2.3.3). We explored to which extent the hypotheses of the Theorems can be
relaxed in order to obtain the same conclusions or provide a counterexample. In particular, we
incorporated cosine-like corrections with small phase: V1(φ) = µ3
[
φ2
µ + bf cos
(
δ + φf
)]
,
b 6= 0 and V2(φ) = µ3
[
bf
(
cos(δ)− cos
(
δ + φf
))
+ φ
2
µ
]
, b 6= 0. We have seen motivation
for this kind of potential’s correction in the context of inflation in loop- quantum cosmology
[100]. In Section 2.2 we have presented a qualitative analysis for a scalar-field cosmology with
generalized harmonic potential V1(φ), whereas in Section 2.3 we have presented a qualitative
analysis for a scalar-field cosmology with generalized harmonic potential V2(φ).
In the first generalization of the harmonic potential V1(φ), we find some instances
which verified the hypothesis and the results of Theorems 2.1.3, 2.2.3 (limt→∞ φ˙ = 0 and
limt→∞ φ = 0), as well as situations when the hypotheses V (φ) ≥ 0 and V (φ) = 0, if and
only if φ = 0 of Theorem 2.1.3 is violated, though the result limt→+∞ φ˙ = 0 still holds.
The hypotheses V (φ) ≥ 0 and V (φ) = 0 if and only if, φ = 0 and V ′(φ) < 0 for φ < 0
and V ′(φ) > 0 for φ > 0 of Theorem 2.2.3 are violated, and limt→+∞ φ can be finite
(rather than zero or infinity). When the hypotheses V (φ) ≥ 0, and V ′(φ) < 0 ∀φ ∈ R
of Theorem 2.3.3 are violated, and limt→+∞ φ˙ = 0, limt→+∞ φ < ∞. In addition, for
V1(φ) we found some instances for the potential V2(φ) where the hypotheses and the results
of the Theorems are verified 2.1.3 and 2.2.3, since (limt→∞ φ˙ = 0, and limt→∞ φ = 0).
For other choices of the parameters, the hypothesis of Theorem 2.1.3 holds, and the result
limt→+∞ φ˙ = 0 is attained. The hypothesis V ′(φ) < 0 for φ < 0 and V ′(φ) > 0 for φ > 0
of Theorem 2.2.3 is violated and limt→+∞ φ can be zero, or finite. Recall this Theorem
relies on the monotonicity of V (φ). The hypotheses V ′(φ) < 0 ∀φ ∈ R of Theorem 2.3.3
are violated and limt→+∞ φ˙ = 0, limt→+∞ φ <∞. In other words, we have discussed some
simple examples that violate one or more hypotheses of the Theorems proved, obtaining some
counterexamples.
Finally, in section 2.4 we have used the Hubble–normalized formulation for FLRW
metric and for the Bianchi I metric for a scalar field cosmology with the generalized
harmonic potential V (φ) = φ
2
2 + f
[
1− cos
(
φ
f
)]
, f > 0, nonminimally coupled to matter
with coupling function χ = χ0e
λφ
4−3γ , where λ is a constant and 0 ≤ γ ≤ 2, γ 6=
4
3 . The late time attractors are associated to equilibrium points
(
φ˙√
6H
, 1H ,
G0(a)
3H2 , φ
)
=(
0,
√
6√
φ∗2−2f cos(φ∗f )+2f
, 0, φ∗
)
, whenever sin(φ∗/f) + φ∗ = 0, 0 < |φ∗| ≤ 1, cos
(
φ∗
f
)
+
f > 0, i.e., when φ∗ is a local non zero minimum of V (φ). That is, the conclusion of Theorem
2.4 is achieved. For FLRW metrics, the global minimum C = P4(0) : (z,Ωk) = (0, 0)
is unstable to curvature perturbations for γ > 23 . That is, it is confirmed the result by
[88], that for γ > 2/3, the curvature in a non-degenerated minima with zero critical value
has a dominant effect on the late evolution of the universe and will eventually dominates
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both the perfect fluid and the scalar field. For Bianchi I model, the global minimum
Q4(0) : (z,Σ) = (0, 0), with V (0) = 0, is unstable to shear perturbations.
4. Conclusions
In this paper, we have used phase-space descriptions to find qualitative features of solutions
of generalized scalar field cosmologies with arbitrary potentials and arbitrary couplings
to matter. We proved new theorems and also retrieved previous results that can be seen
as corollaries of the present results. We presented examples and counterexamples of the
Theorems proved, for scalar field potentials with small cosine-like corrections motivated
by inflationary loop-quantum cosmology. Finally, we have used the Hubble–normalized
formulation for FLRW metric and for the Bianchi I metric for a scalar field cosmology with
generalized harmonic potential, nonminimally coupled to matter. The main difficulty is that
the solution of a transcendental equation is needed. Additionally, the Hubble normalized
equations are augmented by the Raychaudhuri equation, and the resulting system is difficult
to be analyzed in the usual dynamical systems approach. Other approaches such as a local
stability analysis, are also difficult to apply due to the oscillations entering the system via
Klein–Gordon equation [98]. Complementary formulations based on [97] are implemented in
a companion paper [99].
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